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The paper is to investigate the structure of the tame kernel K2OF for certain
quadratic number ﬁelds F ; which extends the scope of Conner and Hurrelbrink
(J. Number Theory 88 (2001), 263–282). We determine the 4-rank and the 8-rank of
the tame kernel, the Tate kernel, and the 2-part of the class group. Our
characterizations are in terms of binary quadratic forms X 2 þ 32Y ;X 2 þ 64Y 2;X 2 þ
2pY 2; 2X 2 þ pY 2;X 2  2pY 2; 2X 2  pY 2: The results are very useful for numerical
computations. # 2002 Elsevier Science (USA)
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extension.1. INTRODUCTION
Let OF be the ring of integers of an algebraic number ﬁeld F : The tame
kernel of OF is the Milnor K-group K2OF : The paper is to characterize the
4-rank and the 8-rank of the tame kernel, the Tate kernel, and the class
group for quadratic number ﬁelds whose discriminants have exactly two odd
prime divisors p; l; p  l  1 mod 8 with ð l
p
Þ ¼ 1:
A lot of people investigate the structure of the 2-Sylow subgroup of K2OF :
For quadratic number ﬁelds F ; we know 2-ranks, 4-ranks, and 8-ranks of
K2OF by the solution of indeﬁnite norm equations in [2, 7, 10, 11, 12, 16], and
we also know the relation between two 2-Sylow subgroups of the tame
kernel and the narrow class group in [15, 16].
In this paper, we always assume that discriminants of quadratic number
ﬁelds F have just two odd prime divisors p; l: In the case: p  1 mod 8;
l  1 mod 8; ð l
p
Þ ¼ 1; Conner and Hurrelbrink compute the possible 4-rank
of K2OF in terms of positive deﬁnite forms in [5]. The determination of the
4-rank of K2OF essentially reduces to checking which among the positive1To whom correspondence should be addressed.
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QIN YUE374deﬁnite quadratic forms X 2 þ 32Y 2;X 2 þ 2pY 2; 2X 2 þ pY 2 represents a
particular power of l over Z:
This paper extends the scope of [5] to the other cases: p; l; p  l 
1 mod 8 with ð l
p
Þ ¼ 1 and p  l  1 mod 8 with ð l
p
Þ ¼ 1: The paper uses the
method of [5] to compute the 4-rank and the 8-rank of the tame kernel, the
Tate kernel, and the 2-part of the class number. The determination of their
values reduces to calculating which pl is congruent to 1 modulo 16 and
which among the binary quadratic forms X 2 þ 32Y 2;X 2 þ 64Y 2;X 2 þ
2pY 2; 2X 2 þ 2pY 2;X 2  2pY 2; 2X 2  pY 2 writes particular powers of p; l
over Z: We make numerical computations of the 4-rank and the 8-rank of
the tame kernel, the Tate kernel, and the class number readily available.
In Section 3, we investigate the structure of the tame kernel for quadratic
number ﬁelds in the case: p  l  1 mod 8 with ð l
p
Þ ¼ 1: For real quadratic
ﬁelds F ¼ Qð ﬃﬃﬃﬃﬃﬃﬃdplp Þ; d ¼ 1; 2; we get Theorem 3.1, which sets up the
equivalent relations among the 8-rank of K2OF ; the 2-part of the class
number of Qð ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃdplp Þ; and X 2 þ 2pY 2 or 2X 2 þ 2pY 2 representing
a particular power of l over Z: For imaginary quadratic ﬁelds
E ¼ Qð ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃdplp Þ; d ¼ 1; 2; we also get Theorem 3.2, which determines the
4-rank of K2OE ; the 8-rank of K2OE ; and the Tate kernel from the
remainder of pl mod 16:
In Section 4, we investigate the structure of the tame kernel for quadratic
number ﬁelds in the case: p  l  1 mod 8 with ð l
p
Þ ¼ 1: We get the 4-rank of
the tame kernel by checking the remainder of pl mod 16 and which x2 þ 32y2
and x2 þ 64y2 represent p and l over Z: Suppose that e is the fundamental
unit of K ¼ Qð ﬃﬃﬃﬃﬃ2pp Þ such that NK=QðeÞ ¼ 1; we get Theorems 4.1 and 4.2,
which compute the 4-rank of the tame kernel by checking which among the
binary quadratic forms X 2 þ 32Y 2;X 2 þ 64Y 2;X 2  2pY 2; 2X 2  pY 2 re-
presents particular powers of p; l over Z:
In this paper, we will always denote NF=QðFnÞ by NF for the sake of
simplicity. Let A be an Abelian group. We will denote the 2n-rank of A by
r2nðAÞ and the 2-Sylow subgroup of A by A2:
2. PRELIMINARIES
For a quadratic number ﬁeld F ; Browkin and Schinzel used the result of
[13] to give all elements of order 2 of K2OF in [2]. Qin got the conditions
of K2OF with elements of order 4 in [10, 11], which induces to get the 4-rank
of K2OF by computing the rank of R’edei matrix and solutions of some
systems of linear equations (see [7, 15, 16]). In [10, 11, 14], we have
Lemma 2.1. (Qin) Let F ¼ Qð ﬃﬃﬃdp Þ; d > 2 a squarefree integer, and m an
odd positive divisor of d. Then there is a b 2 K2OF such that b2 ¼
TAME KERNEL AND CLASS GROUP OF QUADRATIC FORMS 375f1;m ðu þ ﬃﬃﬃdp Þg; d ¼ u2  2w2; u;w 2 N if and only if there is e 2 f1g
such that
edm1ðu þ wÞ
p
 
¼ 1 for every odd prime pjm;
emðu þ wÞ
p
 
¼ 1 for every odd prime pjdm1:
ð2:1Þ
Let E ¼ Qð ﬃﬃﬃdp Þ; do 2 a squarefree integer, and m an odd positive
divisor of d. Then there is a b 2 K2OE such that b2 ¼ f1;mðu þ
ﬃﬃﬃ
d
p Þg; d ¼
u2  2w2; u;w 2 N; if and only if there is e ¼ 1 satisfying (2.1).
In [15], we know Lemma 2.1 independent of the choice of u;w or u0;w0 and
have the equivalent relations between the narrow class group and the tame
kernel. Namely
Lemma 2.2. Let F ¼ Qð ﬃﬃﬃdp Þ; E ¼ Qð ﬃﬃﬃﬃﬃﬃﬃdp Þ; d > 2 a squarefree integer,
and 2 2 NF :
(1) If d ¼ u2  2w2; u;w 2 N; then ½D 2 CðEÞ4; where ½D is the class
of a dyadic ideal D in the class group CðEÞ; if and only if (2.1) holds with some
m and e ¼ 1: Moreover, (2.1) is independent of the choice of u;w:
(2) If d ¼ u2  2w2; u;w 2 N; then ½D0 2 CþðFÞ4; where ½D0 is the
class of a dyadic ideal D0 in the narrow class group CþðFÞ; if and only if (2.1)
holds with some m and e ¼ 1: Equation (2.1) is independent of the choice
of u;w:
Conner and Hurrelbrink [4] determine the 4-rank of K2OF for certain
quadratic ﬁelds in terms of positive deﬁnite binary quadratic forms. Namely
Lemma 2.3. Let E ¼ Qð ﬃﬃﬃﬃﬃﬃﬃﬃplp Þ with primes p  l  1 mod 8 and
ðp
l
Þ ¼ 1: Let hð2pÞ denote the class number of K ¼ Qð ﬃﬃﬃﬃﬃﬃﬃﬃﬃ2pp Þ: Then
r4ðK2OEÞ ¼ 0 if and only if
l ¼ x2 þ 32y2 and lhð2pÞ=4 ¼ 2n2 þ pm2 with l[m
either both have integral solution, or neither one has an integral solution.
In [5], they also get the 4-rank of K2OF in terms of the above positive
deﬁnite binary forms for F ¼ Qð ﬃﬃﬃﬃplp Þ;Qð ﬃﬃﬃﬃﬃﬃﬃ2plp Þ;Qð ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ2plp Þ; primes p 
l  1 mod 8; ðp
l
Þ ¼ 1: In this paper, we extend the scope of [4, 5] to those
quadratic number ﬁelds F whose discriminants have two odd primes p; l;
ð l
p
Þ ¼ 1 and 2 2 NF : Hence we will calculate the 4-rank and the 8-rank
of K2OF in the cases: p  l  1 mod 8 with ð lpÞ ¼ 1 and p  l  1 mod 8
with ð l
p
Þ ¼ 1:
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Definition 2.1. We deﬁne sets:
Aþ ¼ fl  1 mod 8 are primes j l ¼ x2 þ 32y2 for some x; y 2 Zg;
A ¼ fl  1 mod 8 are primes j l ¼ x2 þ 32y2 for all x; y 2 Zg;
Bþ ¼ fl  1 mod 8 are primes j l ¼ x2 þ 64y2 for some x; y 2 Zg;
B ¼ fl  1 mod 8 are primes j lax2 þ 64y2 for all x; y 2 Zg:
In fact, if l ¼ a2  2b2; a; b 2 N; b  0 mod 4; then by Barrucand
and Cohn [1] and Conner and Hurrelbrink [3], l 2 Aþ if and only if
a  1 mod 4; l 2 Bþ if and only if a  1; 3 mod 8:
3. THE CASE: p  l  1 mod 8
In the section, we will investigate the structure of the 2-Sylow subgroups
of the tame kernel and the class group for quadratic number ﬁelds
F ¼ Qð ﬃﬃﬃﬃplp Þ;Qð ﬃﬃﬃﬃﬃﬃﬃ2plp Þ and E ¼ Qð ﬃﬃﬃﬃﬃﬃﬃﬃplp Þ;Qð ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ2plp Þ; distinct primes
p  l  1 mod 8; ð l
p
Þ ¼ 1:
Let K ¼ Qð ﬃﬃﬃﬃﬃﬃﬃﬃﬃ2pp Þ; p  1 mod 8 a prime, then the 2-Sylow subgroup of
the class group CðKÞ is cyclic, the dyadic ideal class ½D is of order 2, and
4jhð2pÞ: In [3], we know that Qð ﬃﬃﬃ2p ; ﬃﬃﬃﬃﬃﬃpp Þ is the unique unramiﬁed cyclic
degree 2 extension over K :
Since the narrow class number of L ¼ Qð ﬃﬃﬃ2p Þ is equal to 1, p ¼
a2  2b2; a; b 2 Z by ð2
p
Þ ¼ 1: Hence there are b 2 N; b  0 mod 4; and a 2
Z; a  1 mod 4 such that p ¼ a2  2b2; so p ¼ a þ ﬃﬃﬃ2p b is called a primary
element of L (see [6, p. 217]). In fact, if b  2 mod 4; p ¼ NK=Qðða þ
b
ﬃﬃﬃ
d
p Þð3þ 2 ﬃﬃﬃ2p ÞÞ ¼ ð3a þ 4bÞ2  2ð2a þ 3bÞ2: We can get the following
result (see [5, Lemma 2.3]).
Lemma 3.1. The unique cyclic unramified degree 4 extension N over K ¼
Qð ﬃﬃﬃﬃﬃﬃﬃﬃﬃ2pp Þ is normal over Q and is given by N ¼ Qð ﬃﬃﬃ2p ; ﬃﬃﬃﬃﬃﬃpp ; ﬃﬃﬃpp Þ ¼ Kð ﬃﬃﬃ2p ;ﬃﬃﬃ
p
p Þ with a primary generator p ¼ a þ b ﬃﬃﬃ2p satisfying p ¼ a2  2b2;
a 2 Z; a  1 mod 4; b 2 N; b  0 mod 4:
Let H denote the Hilbert class group of K ; then H*N*Qð ﬃﬃﬃ2p ; ﬃﬃﬃﬃﬃﬃpp Þ*K
with the ideal class group CðKÞ of K being canonically isomorphic to the
Galois group GðH=KÞ:
CðKÞ ’ GðH=KÞ:
By restriction there is an epimorphism GðH=KÞ ! GðN=KÞ and GðN=KÞ is
cyclic of order 4. Since the 2-Sylow subgroup of CðKÞ is cyclic of order
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CðKÞ=CðKÞ4 ’ GðN=KÞ
and analogously
CðKÞ=CðKÞ2 ’ GðQð
ﬃﬃﬃ
2
p
;
ﬃﬃﬃﬃﬃﬃpp Þ=KÞ:
Let P be a prime ideal of OK ; note that the epimorphism CðKÞ ! GðN=KÞ;
½P/ðHP=KPP ÞN ¼ ðNP=KPP Þ (see [8, Chap. IV, Section 8]) and ðNP=KPP Þ ¼ 1 if
and only if P splits completely in N over K : Thus P splits completely in N
over K if and only if ½P 2 CðKÞ4: Hence
Lemma 3.2. Let P be a prime ideal of OK : Then
P splits completely in N over K if and only if ½Phð2pÞ=4 ¼ 1 in CðKÞ;
P splits in Qð ﬃﬃﬃ2p ; ﬃﬃﬃﬃﬃﬃpp Þ over K if and only if ½Phð2pÞ=2 ¼ 1 in CðKÞ
if and only if either ½Phð2kÞ=4 ¼ ½Da1 or ½Phð2pÞ=4 ¼ 1 in CðKÞ:
On the other hand, we can also describe the preceding in terms of the
positive deﬁnite quadratic form similar to [5, Lemma 3.4]:
Lemma 3.3. Suppose that there are distinct primes p; l; p  l  1 mod
8 such that ð l
p
Þ ¼ 1; i.e., ðp
l
Þ ¼ 1: Then l does not split completely in N over Q
if and only if lhð2pÞ=4 ¼ 2n2 þ pm2 for some n;m 2 N with l[m; l splits
completely in N over Q if and only if lhð2pÞ=4 ¼ n2 þ 2pm2 for some n;m 2 N
with l[m:
For convenience, we make the following deﬁnition:
Definition 3.1. Let p  1 mod 8 be a ﬁxed prime, we divide all primes
l  1 mod 8; lap; ðp
l
Þ ¼ 1 into two sets:
h2; pi ¼ fl  1 mod 8 are primes j lhð2pÞ=4 ¼ 2n2 þ pm2 for some
n;m 2 N with l[mg;
h1; 2pi ¼ fl  1 mod 8 are primes j lhð2pÞ=4 ¼ n2 þ 2pm2 for some
n;m 2 N with l[mg:
Let L ¼ Qð ﬃﬃﬃ2p Þ; p  l  1 are distinct primes and ðp
l
Þ ¼ 1: Set p ¼
a2  2b2 ¼ ða þ ﬃﬃﬃ2p bÞða  ﬃﬃﬃ2p bÞ; a; b 2 Z; a  1 mod 4; b  0 mod 4; lOL ¼
PlP
n
l ; where Pl ;P
n
l are prime ideals of L: Put p ¼ a þ
ﬃﬃﬃ
2
p
b primary in L: By
[6, p. 196 Deﬁnition], p is called a quadratic residue mod Pl if and only if
there is an integer z in L such that
p  z2 mod Pl ; ð3:2Þ
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Pl
Þ ¼ 1: By [5, Lemma 2.1], the primary p is unique up
to multiplication by the square of a unit in OnL; hence, if ðpl Þ ¼ 1; the value
of ð p
Pl
Þ is independent of the choice of p: By Lemma 3.1 and [6, Section 60], if
l splits completely in N; then ðpPÞ ¼ 1; where P is a prime ideal of M ¼
Qð ﬃﬃﬃ2p ; ﬃﬃﬃﬃﬃﬃpp Þ over the prime ideal Pl of L; so ðpPÞ ¼ ð pPlÞ ¼ 1 by OM=P ’
OL=Pl : By Lemma 3.2 and Deﬁnition 3.1, we have
Lemma 3.4. Let p  l  1 mod 8 be primes with ðp
l
Þ ¼ 1: Suppose
p ¼ a2  2b2; a; b 2 Z; a  1 mod 4; b  0 mod 4; p ¼ a þ ﬃﬃﬃ2p b; and Pl is a
prime ideal of L ¼ Qð ﬃﬃﬃ2p Þ over l. Then
l 2 h1; 2pi if and only if ð p
Pl
Þ ¼ 1;
l 2 h2; pi if and only if ð p
Pl
Þ ¼ 1:
In the following, we will determine explicitly the 4-ranks and the 8-ranks
of the tame kernels of quadratic number ﬁelds F ¼ Qð ﬃﬃﬃﬃplp Þ;Qð ﬃﬃﬃﬃﬃﬃﬃ2plp Þ and
E ¼ Qð ﬃﬃﬃﬃﬃﬃﬃﬃplp Þ;Qð ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ2plp Þ in terms of the quadratic symbol ð p
Pl
Þ of Lemma
3.4. Recall that we are considering distinct primes
p  l  1 mod 8 with l
p
 
¼ p
l
 
¼ 1:
By Browkin and Schinzel [2], we know that
r2ðK2OF Þ ¼ 3 and r2ðK2OEÞ ¼ 2:
Since those F must satisfy (2.1) (see [11]), we get that
r4ðK2OF Þ ¼ 1:
If E ¼ Qð ﬃﬃﬃﬃﬃﬃﬃﬃplp Þ; since these E must satisfy (2.1) (see [10]), we get
r4ðK2OEÞ ¼ 1:
If E ¼ Qð ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ2plp Þ; since these E must not satisfy (2.1) (see [10]), we get
r4ðK2OEÞ ¼ 0 or 1:
In fact, r4ðK2OEÞ ¼ 1 if and only if these E satisfy (2.1).
On the other hand, for imaginary quadratic number ﬁelds E ¼ Qð ﬃﬃﬃﬃﬃﬃﬃﬃplp Þ;
Qð ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ2plp Þ; we observe the structure of the class group CðEÞ: By the genus
theory we have that
r2ðCðEÞÞ ¼ 2
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NE=QðDÞ 2 NE; ½D 2 CðEÞ2 by Gauss theorem. Note that p; leNE; so we
get
CðEÞ2 ’ Z=ð2Þ  Z=ð2nÞ; n52:
Hence 8jhðEÞ:
In order to know the 8-ranks of K2OF and the 2-part of the class group
CðEÞ clearly, we get
Theorem 3.1. Let p  l  1 mod 8 be distinct primes with ðp
l
Þ ¼ 1;
(1) If F ¼ Qð ﬃﬃﬃﬃplp Þ; then r8ðK2OF Þ ¼ 1 if and only if 16jhðplÞ if and
only if l 2 h1; 2pi:
(2) If F ¼ Qð ﬃﬃﬃﬃﬃﬃﬃ2plp Þ; then r8ðK2OF Þ ¼ 1 if and only if 16jhð2plÞ if and
only if either p  15 mod 16 and l 2 h1; 2pi; or p  7 mod 16 and l 2 h2; pi:
Proof. (1) Suppose that pl ¼ u2  2w2; u;w 2 N: By Qin [11] and Yue
[14, 15], we know that r4ðK2OF Þ ¼ 1 and the element of order 4 must be
b 2 K2OF such that b2 ¼ f1;mðu þ
ﬃﬃﬃﬃ
pl
p Þg;m ¼ 1 or l: By Yue [14,
Theorem 3.1],
r8ðK2OF Þ ¼ 0
, there is only e ¼ 1 satisfying (2.1), i.e., the Hilbert symbols Z1iðbÞ ¼ð1Þi;1i real places, i ¼ 1; 2
, ðuþw
p
Þ ¼ 1:
In other words,
r8ðK2OF Þ ¼ 1 if and only if u þ w
p
 
¼ 1:
Let ½D be the class of the dyadic ideal D of E ¼ Qð ﬃﬃﬃﬃﬃﬃﬃﬃplp Þ: Note that
pl ¼ u2  2w2 ¼ 2ðu þ wÞ2  ðu þ 2wÞ2; so ½D ¼ ½Puþw2 in CðEÞ; where
Puþw is an ideal of E ¼ Qð
ﬃﬃﬃﬃﬃﬃﬃﬃplp Þ over u þ w: Then
ðuþw
p
Þ ¼ 1
, either ðu þ wÞz2 ¼ x2 þ ply2 or lðu þ wÞz2 ¼ x2 þ ply2 is solvable
over Z:
, ½Puþw or ½Puþw½Pl  2 CðEÞ2; where Pl is the ideal of E over l:
, ½D 2 CðEÞ4; i.e., CðEÞ2 ’ Z=ð2Þ  Z=ð2nÞ; n53
, 16jhðplÞ:
Hence we need to prove that 16jhðplÞ is equivalent to that l 2 h1; 2pi;
i.e., ð p
Pl
Þ ¼ 1 by Lemma 3.4.
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c2  2d2; c; d 2 N and p ¼ a2  2b2; a  1 mod 4; a 2 Z; b  0 mod 4; b
2 N; so p ¼ a þ ﬃﬃﬃ2p b is primary. Hence pl ¼ NL=Qðða þ ﬃﬃﬃ2p bÞðc þ ﬃﬃﬃ2p dÞÞ
¼ ðac þ 2bdÞ2  2ðad þ bcÞ2; i.e., 2ðad þ bcÞ2 ¼ ðac þ 2bdÞ2 þ pl: It is
clear that ad þ bc 2 N and ad þ bc  d mod 4: Hence, by the preceding,
16jhðplÞ if and only if ðadþbc
p
Þ ¼ 1: So we will calculate the value of ðadþbc
p
Þ:
Since 2ðad þ bcÞ2 ¼ ðac þ 2bdÞ2 þ pl; the Jacobi symbol ð pl
adþbcÞ ¼ 1 ¼ð1
d
Þðadþbc
p
Þðadþbc
l
Þ by ad þ bc  d mod 4 and pl  1 mod 4; so
ad þ bc
p
 
¼ 1
d
 
ad þ bc
l
 
:
In the ﬁeld L ¼ Qð ﬃﬃﬃ2p Þ; let lOL ¼ PlPl ; Pl ¼ ðc  ﬃﬃﬃ2p dÞOL; ad þ bc  ad þ
bð ﬃﬃﬃ2p dÞ  dða þ ﬃﬃﬃ2p bÞmod Pl : Since OL=Pl ’ Z=lZ and ðpl Þ ¼ 1; the
primary p ¼ a þ ﬃﬃﬃ2p b is unique up to multiplication by the square of a
unit in OnL and
ad þ bc
l
 
¼ ad þ bc
Pl
 
¼ d
Pl
 
p
Pl
 
¼ d
l
 
p
Pl
 
¼ 1
d
 
p
Pl
 
by l ¼ c2  2d2: Therefore
ad þ bc
p
 
¼ 1
d
 
ad þ bc
l
 
¼ p
Pl
 
;
so (1) follows from Lemma 3.4.
(2) Let F ¼ Qð ﬃﬃﬃﬃﬃﬃﬃ2plp Þ;E ¼ Qð ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ2plp Þ: By the process of proving (1),
we get that r8ðK2OF Þ ¼ 1 if and only if 16jhð2plÞ: Note that pl ¼
ðac þ 2bdÞ2  2ðad þ bcÞ2; so 2pl ¼ 4ððac þ 2bdÞ þ ðad þ bcÞÞ2  2ðac þ
2bd þ 2ad þ 2bcÞ2 and it is clear that ac þ 2bd þ 2ad þ 2bc 2 N: Similarly,
16jhð2plÞ if and only if ðacþ2bdþ2adþ2bc
p
Þ ¼ 1: Hence we need to calculate the
value of ðacþ2bdþ2adþ2bc
p
Þ:
Since the Jacobi symbol
2pl
ac þ 2bd þ 2ad þ 2bc
 
¼ 1 ¼ 2
a0ðc þ 2dÞ
 
ac þ 2bd þ 2ad þ 2bc
pl
 
;
where ac þ 2bd þ 2ad þ 2bc  aðc þ 2dÞ  a0ðc þ 2dÞmod 8; a0 2 N;
ac þ 2bd þ 2ad þ 2bc
p
 
¼ 2
a0ðc þ 2dÞ
 
ac þ 2bd þ 2ad þ 2bc
l
 
:
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þ2bcdÞ  d1ðc þ 2dÞðad þ cbÞmod l: Hence
ac þ 2bd þ 2ad þ 2bc
p
 
¼ 2
a0ðc þ 2dÞ
 
dðad þ bcÞðc þ 2dÞ
l
 
¼ 2
a0
  2
c þ 2d
 
c þ 2d
l
 
p
Pl
 
¼ 2
a0
  2
c þ 2d
  l
c þ 2d
 
p
Pl
 
¼ 2
a0
 
p
Pl
 
by l ¼ 2ðc þ dÞ2  ðc þ 2dÞ2: Note that ð2
a0 Þ ¼ 1 if and only if a0  a 
1 mod 8 if and only if p  1 mod 16 by p ¼ a2  2b2:
Therefore 16jhð2plÞ if and only if either ð2
a0 Þ ¼ ð pPlÞ ¼ 1 or ð2a0 Þ ¼ ð pPlÞ ¼1 if and only if either p  15 mod 16; l 2 h1; 2pi or p  7 mod 16;
l 2 h2; pi: We prove (2).
By Theorem (3.1), we can get the well-known result of [9]:
Corollary 3.1. Let p  l  1 mod 8 be distinct primes with ðp
l
Þ ¼ 1;
then
hðpqÞ þ hð2pqÞ ¼ 0 mod 16 if p  15 mod 16;
8 mod 16 if p  7 mod 16:
(
For imaginary quadratic ﬁelds E ¼ Qð ﬃﬃﬃﬃﬃﬃﬃﬃplp Þ;Qð ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ2plp Þ; we also know
the 4-rank of K2OE :
Theorem 3.2. Let p  l  1 mod 8 be distinct primes with ðp
l
Þ ¼ 1:
(1) Let E ¼ Qð ﬃﬃﬃﬃﬃﬃﬃﬃplp Þ: Then r4ðK2OEÞ ¼ 1; r8ðK2OEÞ ¼ 0 if and only
if pl  9 mod 16; moreover l 2 DE ; which is the Tate kernel of E.
(2) If E ¼ Qð ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ2plp Þ; then r4ðK2OEÞ ¼ 0 if and only if pl  9 mod 16;
moreover l 2 DE :
Proof. (1) Let pl ¼ u2  2w2; u;w 2 N; then, by Hurrelbrink and
Kolster [7], Qin [10] and Yue and Feng [16], it is clear that f1; lg; f1;
mðu þ ﬃﬃﬃﬃﬃﬃﬃﬃplp Þg 2 K2O2E ; where m ¼ 1 or l: Suppose that b 2 K2OE with
b2 ¼ f1;mðu þ ﬃﬃﬃﬃﬃﬃﬃﬃplp g: By Yue [15, Theorem 3.7], pl  9 mod 16 if and
only if the Hilbert symbol ZDðbÞ ¼ 1;D the dyadic place of E; if and
only if b is of order 4 and r8ðK2OEÞ ¼ 0; so f1; lg ¼ 1; i.e., l 2 DE :
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2ðu þ wÞ2  ðu þ 2wÞ2; u;w 2 N; then ð 2pl
uþwÞ ¼ 1: By Qin [10], r4ðK2OEÞ ¼ 0
if and only if ðuþw
pl
Þ ¼ 1 if and only if u þ w  3 mod 8 if and only if
pl  9 mod 16; so l 2 DE :
4. THE CASE: p  l  1 mod 8
In the section, we will investigate the 2-Sylow subgroup of K2OF for
quadratic number ﬁelds F ; whose discriminants are exactly two odd prime
divisors p; l; p  l  1 mod 8:
In the case: ðp
l
Þ ¼ 1; we have known them clearly:
(1) Let F ¼ Qð ﬃﬃﬃﬃplp Þ; then by Conner and Hurrelbrink [4] and Yue [15],
r4ðK2OF Þ ¼ 0 if and only if only one of p; l fails to be represented over Z by
the quadratic form x2 þ 32y2 if and only if 8jjhðplÞ; we also have the
condition such that r4ðK2OF Þ ¼ 1; r8ðK2OF Þ ¼ 0 (see [15]).
(2) Let F ¼ Qð ﬃﬃﬃﬃﬃﬃﬃ2plp Þ; then by Conner and Hurrelbrink [4] and Yue
[15], r4ðK2OF Þ ¼ 0 if and only if only one of p; l fails to be represented over
Z by the quadratic form x2 þ 64y2 if and only if 8jjhð2plÞ:
(3) Let E ¼ Qð ﬃﬃﬃﬃﬃﬃﬃﬃplp Þ; then by Yue [15], r4ðK2OEÞ ¼ 1; r8ðK2OEÞ ¼ 0
if and only if pl  9 mod 16:
(4) Let E ¼ Qð ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ2plp Þ;2pl ¼ u2  2w2 ¼ 2ðu þ wÞ2  ðu þ 2wÞ2;
u;w 2 N; then the Jacobi symbol ð 2pl
uþwÞ ¼ 1: By Qin [10] and Yue [15],
r4ðK2OEÞ ¼ 0 if and only if ðuþwpl Þ ¼ 1 if and only if ð 2uþwÞ ¼ 1 if and only
if u þ w  3 mod 8 if and only if pl  9 mod 16:
Hence, we will investigate the 2-Sylow subgroup of the tame kernel for
F ¼ Qð ﬃﬃﬃﬃplp Þ;Qð ﬃﬃﬃﬃﬃﬃﬃ2plp Þ and E ¼ Qð ﬃﬃﬃﬃﬃﬃﬃﬃplp Þ;Qð ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ2plp Þ in the case
p  l  1 mod 8 with p
l
 
¼ 1:
By Browkin and Schinzel [2], we know that
r2ðK2OF Þ ¼ 4 and r2ðK2OEÞ ¼ 2:
For real quadratic ﬁelds F ¼ Qð ﬃﬃﬃﬃplp Þ;Qð ﬃﬃﬃﬃﬃﬃ2plp Þ; by Qin [11], r4ðK2OF Þ ¼ 1
or 2 and
r4ðK2OF Þ ¼ 2 if and only if these F satisfy ð2:1Þ:
For imaginary quadratic ﬁelds E ¼ Qð ﬃﬃﬃﬃﬃﬃﬃﬃplp Þ;Qð ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ2plp Þ; by Qin [10],
r4ðK2OEÞ ¼ 1 or 2 and
r4ðK2OEÞ ¼ 2 if and only if these E satisfy ð2:1Þ:
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condition of (2.1).
Proposition 4.1. Let p  l  1 mod 8 be distinct primes with ðp
l
Þ ¼ 1 and
let p ¼ a þ ﬃﬃﬃ2p b; p0 ¼ c  ﬃﬃﬃ2p d; where p ¼ a2  2b2; l ¼ c2  2d2; a; b; c; d
2 N; b; d  0 mod 4:
(1) If F ¼ Qð ﬃﬃﬃﬃplp Þ; then r4ðK2OF Þ ¼ 2 if and only if either ðpp0Þ ¼ 1;
p; l 2 Aþ or ðpp0Þ ¼ 1; p; l 2 A; where ðpp0Þ is defined as (3.2).
(2) If F ¼ Qð ﬃﬃﬃﬃﬃﬃﬃ2plp Þ; then r4ðK2OF Þ ¼ 2 if and only if either ðpp0Þ ¼ 1;
p; l 2 Bþ or ðpp0Þ ¼ 1; p; l 2 B:
Proof. (1) Let L ¼ Qð ﬃﬃﬃ2p Þ; then pl ¼ NL=Qðða þ b ﬃﬃﬃ2p Þðc þ d ﬃﬃﬃ2p ÞÞ ¼ ðac
þ2bdÞ2  2ðad þ cbÞ2: Set u ¼ ac þ 2bd; w ¼ ad þ cb; pl ¼ u2  2w2 ¼ 2ðu
þwÞ2  ðu þ 2wÞ2; so ðpl
uþwÞ ¼ 1: By Qin [11], r4ðK2OF Þ ¼ 2 if and only ifðuþw
p
Þ ¼ ðuþw
l
Þ ¼ 1; which induces that u þ w  ac  1 mod 4: Hence we need
to ﬁnd the condition of ðuþw
p
Þ ¼ ðuþw
l
Þ ¼ 1:
Since u þ w ¼ ac þ 2bd þ ad þ cb ¼ d1ðacd þ 2bd2 þ ad2 þ cbdÞ 
d1ðad þ bcÞðc þ dÞmod l; by l ¼ c2  2d2 ¼ 2ðc þ dÞ2  ðc þ 2dÞ2
u þ w
l
 
¼ d
l
 
ad þ bc
l
 
c þ d
l
 
¼ ad þ bc
l
  1
c
 
:
Also ad þ cb  ad þ ﬃﬃﬃ2p db  dða þ ﬃﬃﬃ2p bÞmod ðc  ﬃﬃﬃ2p dÞ; then, by OL=ðc ﬃﬃﬃ
2
p
dÞ ’ Z=ðlÞ;
ad þ bc
l
 
¼ a þ
ﬃﬃﬃ
2
p
b
c  ﬃﬃﬃ2p d
 !
;
so
u þ w
l
 
¼ a þ
ﬃﬃﬃ
2
p
b
c  ﬃﬃﬃ2p d
 !
1
c
 
:
Similarly,
u þ w
p
 
¼ c 
ﬃﬃﬃ
2
p
d
a þ ﬃﬃﬃ2p b
 !
1
a
 
:
On the other hand, by the quadratic reciprocity law of [6, Theorem 165], if
a  1 or c  1 mod 4; then
a þ ﬃﬃﬃ2p b
c  ﬃﬃﬃ2p d
 !
¼ c 
ﬃﬃﬃ
2
p
d
a þ ﬃﬃﬃ2p b
 !
;
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a þ ﬃﬃﬃ2p b
c  ﬃﬃﬃ2p d
 !
¼ a 
ﬃﬃﬃ
2
p
b
c  ﬃﬃﬃ2p d
 !
¼ c 
ﬃﬃﬃ
2
p
d
a  ﬃﬃﬃ2p b
 !
¼ c 
ﬃﬃﬃ
2
p
d
a þ ﬃﬃﬃ2p b
 !
:
Note that p 2 Aþ if and only if a  1 mod 4: Therefore ðuþw
p
Þ ¼ ðuþw
l
Þ ¼ 1 if
and only if either ðpp0Þ ¼ 1; p; l 2 Aþ or ðpp0Þ ¼ 1; p; l 2 A:
(2) If F ¼ Qð ﬃﬃﬃﬃﬃﬃﬃ2plp Þ; 2pl ¼ 2ðac þ 2bdÞ2  4ðad þ cbÞ2; then ð 2pl
acþ2bdÞ ¼
1: By Qin [11] and Yue [15], r4ðK2OF Þ ¼ 2 if and only if ðacþ2bdp Þ ¼ ðacþ2bdl Þ ¼
1; which induces that ac þ 2bd  ac  1; 3 mod 8:
Since ac þ 2bd ¼ d1ðacd þ 2bd2Þ  d1cðad þ bcÞmod l;
ac þ 2bd
l
 
¼ c
l
  ad þ bc
l
 
¼ 2
c
 
a þ ﬃﬃﬃ2p b
c  ﬃﬃﬃ2p d
 !
:
Similarly,
ac þ 2bd
p
 
¼ 2
a
 
c  ﬃﬃﬃ2p d
a þ ﬃﬃﬃ2p b
 !
:
Note that p 2 Bþ if and only if a  1; 3 mod 8: Therefore r4ðK2OF Þ ¼ 2 if
and only if either ðpp0Þ ¼ 1; p; l 2 Bþ or ðpp0Þ ¼ 1; p; l 2 B: We prove
Proposition 4.2.
By the process of proving Proposition 4.1, we get
Corollary 4.1. Let p  l  1 mod 8 be primes with ðp
l
Þ ¼ 1:
(1) If F ¼ Qð ﬃﬃﬃﬃplp Þ and exactly one of p; l belongs to Aþ; then
r4ðK2OF Þ ¼ 1:
(2) If F ¼ Qð ﬃﬃﬃﬃﬃﬃﬃ2plp Þ and exactly one of p; l belongs to Bþ; then
r4ðK2OF Þ ¼ 1:
It is just another case of [4].
Proposition 4.2. Let p  l  1 mod 8 be primes with ðp
l
Þ ¼ 1 and p ¼
a þ ﬃﬃﬃ2p b; p0 ¼ c  ﬃﬃﬃ2p d; where p ¼ a2  2b2; l ¼ c2  2d2; a; b; c; d 2 N; b;
d  0 mod 4:
(1) If E ¼ Qð ﬃﬃﬃﬃﬃﬃﬃﬃplp Þ; then r4ðK2OEÞ ¼ 2 if and only if ðpp0Þ ¼ 1:
(2) If E ¼ Qð ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ2plp Þ; then r4ðK2OEÞ ¼ 2 if and only if either ðpp0Þ ¼
1; p; l 2 ðAþ \ BþÞ [ ðA \ BÞ or ðpp0Þ ¼ 1; p; l 2 ðAþ \ BÞ [ ðA \ BþÞ:
Proof. (1) Since pl ¼ 2ðad þ bcÞ2  ðac þ 2bdÞ2; by Qin [10] and Yue
[15], r4ðK2OEÞ ¼ 2 if and only if ðadþbcp Þ ¼ ðadþbcl Þ ¼ 1: By the process of
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ad þ bc
l
 
¼ a þ
ﬃﬃﬃ
2
p
d
c  ﬃﬃﬃ2p b
 !
and
ad þ bc
p
 
¼ c 
ﬃﬃﬃ
2
p
b
a þ ﬃﬃﬃ2p d
 !
:
Hence r4ðK2OEÞ ¼ 2 if and only if ðpp0Þ ¼ 1:
(2) Since 2pl ¼ 2ðac þ 2bd þ 2ad þ 2bcÞ2  4ðac þ 2bd þ ad þ bcÞ2;
ð 2pl
acþ2bdþ2adþ2bcÞ ¼ 1: By Qin [10] and Yue [15], r4ðK2OEÞ ¼ 2 if and only if
ðacþ2bdþ2adþ2bc
p
Þ ¼ ðacþ2bdþ2adþ2bc
l
Þ ¼ 1; which induces that ac þ 2bd þ 2adþ
2bc  ac  1 mod 8; so pl ¼ ðac þ 2bdÞ2  2ðad þ bcÞ2  1 mod 16:
Since ac þ 2bd þ 2ad þ 2bc  d1ðad þ bcÞðc þ 2dÞmod l;
ac þ 2bd þ 2ad þ 2bc
l
 
¼ ad þ bc
l
 
l
c þ 2d
 
¼ ad þ bc
l
 
2
c
 
;
similarly,
ac þ 2bd þ 2ad þ 2bc
p
 
¼ ad þ bc
p
 
2
a
 
:
Hence, r4ðK2OEÞ ¼ 2 if and only if either ðpp0Þ ¼ 1 ¼ ð2aÞ ¼ ð2cÞ or ðpp0Þ ¼ 1 ¼ð2
a
Þ ¼ ð2
c
Þ: Note that a  1 mod 8 if and only if p 2 ðAþ \ BþÞ [ ðA \ BÞ:
We prove Proposition 4.2.
By the process of proving Proposition 4.1, we get
Corollary 4.2. Let p  l  1 mod 8 be primes with ðp
l
Þ ¼ 1; pl  9 mod
16; and E ¼ Qð ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ2plp Þ: Then r4ðK2OEÞ ¼ 1:
We will use binary quadratic forms to describe the values of ðpp0Þ in
Propositions 4.1 and 4.2.
Let K ¼ Qð ﬃﬃﬃﬃﬃ2pp Þ; p  1 mod 8; be the real quadratic ﬁeld, by Conner and
Hurrelbrink [3, Corollary 24, 5], the class group (ordinary) CðKÞ is divided
by 2; by Conner and Hurrelbrink [3, Lemma 20.1], Qð ﬃﬃﬃ2p ; ﬃﬃﬃpp Þ is unramiﬁed
over K : Suppose that p 2 Aþ; then by Conner and Hurrelbrink [3, Corollary
24, 5], 4jhð2pÞ; which is the class number of K ; by Conner and Hurrelbrink
[3, Theorem 24.1] or Conner and Hurrelbrink [5, Lemma 2.2], N ¼
Qð ﬃﬃﬃ2p ; ﬃﬃﬃpp ; ﬃﬃﬃpp Þ is unramiﬁed over K ; where p ¼ a þ ﬃﬃﬃ2p b; p ¼ a2  2b2;
a; b 2 N; b  0 mod 4: Hence
Lemma 4.1. Let p  1 mod 8 be a prime and p 2 Aþ: Then N ¼ Qð ﬃﬃﬃ2p ;ﬃﬃﬃ
p
p
;
ﬃﬃﬃ
p
p Þ is the unramified extension of degree 4 over K ¼ Qð ﬃﬃﬃﬃﬃ2pp Þ; where
p ¼ a þ b ﬃﬃﬃdp ; p ¼ a2  2b2; a; b 2 N; b  0 mod 4:
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quadratic ﬁeld K ¼ Qð ﬃﬃﬃﬃﬃ2pp Þ; p  1 mod 8 such that NK=QðeÞ ¼ 1: Then
p 2 Aþ by Conner and Hurrelbrink [3, Corollary 24.5], 4jhð2pÞ; the 2-Sylow
subgroup of the class group CðKÞ is cyclic, the class [D] of dyadic ideal of
K is of order 2 in CðKÞ; and N is the unramiﬁed extension of degree 4
over K ¼ Qð ﬃﬃﬃﬃﬃ2pp Þ: Similarly, there is a natural isomorphism: CðKÞ=CðKÞ4
’ GðN=KÞ; which is the Galois group over N=K : Hence we get the
following results similar to Lemmas 3.3 and 3.4.
Lemma 4.2. Let p  l  1 mod 8 be primes with ðp
l
Þ ¼ 1: Suppose that
NK=QðeÞ ¼ 1; where e is the fundamental unit of K ¼ Qð
ﬃﬃﬃﬃﬃ
2p
p Þ; and p ¼
a þ ﬃﬃﬃ2p b; p0 ¼ c þ ﬃﬃﬃdp ; p ¼ a2  2b2; l ¼ c2  2d2; a; b; c; d 2 N; b  d 
0 mod 4: Then
lhð2pÞ=4 ¼ n2  2pm2 for some n;m 2 N with l[m if and only if ðpp0Þ ¼ 1;
lhð2pÞ=4 ¼ 2n2  pm2 for some n;m 2 N with l[m if and only if ðpp0Þ ¼ 1:
Definition 4.1. Let p  1 mod 8 be a ﬁxed prime, K ¼ Qð ﬃﬃﬃﬃﬃ2pp Þ;
NK=QðeÞ ¼ 1; where e the fundamental unit of K ; and hð2pÞ is the class
number of K : We divide all primes l  1 mod 8; lap; ðp
l
Þ ¼ 1 into two sets:
h2;pi ¼ fl  1 mod 8 are primes j lhð2pÞ=4 ¼ 2n2  pm2 for some n;m 2 N
with l[mg;
h1;2pi ¼ fl  1 mod 8 are primes j lhð2pÞ=4 ¼ n2  2pm2 for some n;m 2
N with l[mg:
By Proposition 4.1, we get
Theorem 4.1. Let p  l  1 mod 8 be primes with ðp
l
Þ ¼ 1: Suppose that
NK=QðeÞ ¼ 1; where e is the fundamental unit of K ¼ Qð
ﬃﬃﬃﬃﬃ
2p
p Þ:
(1) If F ¼ Qð ﬃﬃﬃﬃplp Þ; then r4ðK2OF Þ ¼ 2 if and only if l 2 h1;2pi and
l 2 Aþ:
(2) If F ¼ Qð ﬃﬃﬃﬃﬃﬃﬃ2plp Þ; then r4ðK2OF Þ ¼ 2 if and only if either l 2 h1;
2pi; p; l 2 Bþ or l 2 h2;pi; p; l 2 B:
By Proposition 4.2, we get:
Theorem 4.2. Let p  l  1 mod 8 be primes with ðp
l
Þ ¼ 1: Suppose that
NK=QðeÞ ¼ 1; where e is the fundamental unit of K ¼ Qð
ﬃﬃﬃﬃﬃ
2p
p Þ:
(1) If E ¼ Qð ﬃﬃﬃﬃﬃﬃﬃﬃplp Þ; then r4ðK2OEÞ ¼ 2 if and only if l 2 h1;2pi:
(2) If E ¼ Qð ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ2plp Þ; then r4ðK2OEÞ ¼ 2 if and only if either l 2
h1;2pi; p; l 2 ðAþ \ BþÞ or l 2 h2;pi; p; l 2 ðAþ \ BÞ:
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1 mod 8 or l  1 mod 8 into any primes, respectively, by the process of
proving Lemma 3.4 and the quadratic reciprocity law, we get
Corollary 4.3. Let p  l  1 mod 8 be primes with ðp
l
Þ ¼ 1: Suppose
that NK=QðeÞ ¼ 1; where e is the fundamental unit of K ¼ Qð
ﬃﬃﬃﬃ
2l
p Þ: Then
l 2 h1; 2pi if and only if p 2 h1;2li:
Let l  1 mod 8 be a prime, K ¼ Qð ﬃﬃﬃﬃ2lp Þ; and e be the fundamental unit
of K : If l 2 Aþ and l  9 mod 16; then, by Conner and Hurrelbrink [3, 24.4],
NK=QðeÞ ¼ 1:
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